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Abstract 

This paper concerns the almost sure time dependent local extinction behavior for 
super-coalescing Brownian motion X with (1 + /?)-stable branching and Lebesgue 
initial measure on R. We first give a representation of X using excursions of a 
continuous state branching process and Arratia's coalescing Brownian flow. For 
any nonnegative, nondecreasing and right continuous function g, put 

r := sup{i > : X t ([-g(t), g(t)]) > 0}. 

We prove that P{r = oo} = or 1 according as the integral g^t -1 " 1 ^ dt is 
finite or infinite. 
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1 Introduction 

By a super- coalescing Brownian motion (SCBM in short) we mean a measure-valued 
stochastic process describing the time-space-mass evolution of a particle system in R. 
In such a system the particles move according to (instantaneous) coalescing Brownian 
motions and the masses of those particles evolve according to independent continuous 
state branching processes (CSBP's in short) with (1 + / 3)-stabie branching law. Whenever 
two particles are in the same location their masses are added up with total mass continues 

*Supported by NSFC(10721091) and NSERC grants. 



1 



2 



the independent (1 + /3)-stable branching. Note that this scheme is welled defined due to 
the additivity of the CSBP. For coalescence to happen we only consider SCBM on IR. 

The SCBM has been studied in [31 El HD]- With arbitrary finite initial measure it can 
be obtained by taking a high-density/small-particle limit of the empirical measure process 
of coalescing-branching particle system with Poisson initial measure. Its probability law 
can be specified by the duality on coalescing Brownian motions. 

Formally, the SCBM with Radon initial measure \i can be constructed by taking 
a monotone limit of SCBM's with initial measures /i truncated over increasing finite 
intervals. In this paper we will present a direct construction of the SCBM using excursions 
of the CSBP and Arratia's coalescing Brownian flow following Dawson et al. [3] • A similar 
construction was proposed in Dawson and Li [3] for superprocess with dependent spatial 
motion. This procedure allows us to construct the SCBM simultaneously for all t. It 
turns out to be handy for the later coupling arguments in proving our main results. 

Almost sure local extinction for super-Brownian motion on M n says that, given any 
bounded Borel set in M. n , almost surely the measure- valued process does not charge on it 
after a time long enough. For super-Brownian motion with Lebesgue initial measure it was 
first studied in Iscoe [8] via analyzing the super-Brownian occupation time using nonlinear 
PDE. By time dependent local extinction we mean the local extinction behavior where 
the size of the above-mentioned set also depends t. Almost sure time dependent local 
extinction was discussed in Fleischmann et al [6] . An integral test was found in Zhou [11] 
on the almost sure time dependent local extinction for super-Brownian motion with (1+/3)- 
stable branching and Lebesgue initial measure. Its proof is a Borel-Cantelli argument 
based on estimates of extinction probabilities. The additivity for super-Brownian motion 
plays a crucial role in the proof there since it allows us to decompose one super-Brownian 
motion into independent super-Brownian motions for different purposes and then treat 
them separately. 

The SCBM often shares similar asymptotic properties as super-Brownian motion. In 
this paper we are going to show that the same integral test in Zhou [11] is also valid for the 
SCBM on M. More precisely, for any nonnegative, nondecreasing and right continuous 
function g on IR + , we are going to show that the probability of seeing any mass over 
interval [—g(t),g(t)] for time t large enough is either or 1 depending on whether the 
integral is finite or not. 

The main difficulty for our current work on SCBM is that the SCBM is no longer 
additive due to the dependence of coalescing spatial motion. As a result we have to adopt 
strategies that are quite different from Zhou [TTJ to tackle this problem. 

In one direction of our proof we propose a duality between two system of coalescing 
Brownian motions with boundary conditions, where in one system the Brownian motions 
are stopped at some barriers and in the other system the Brownian motions are reflected 
at the same barriers, which generalizes a boundary free dual relationship on coalescing 
Brownian motions in Zhou [TU]. This duality first results in a duality on SCBM with 
absorbing barriers. Then it further leads to an estimate from below on the vanishing 
probability of the occupation time for SCBM. Such an estimate in terms of reflecting 
Brownian motions can be applied iteratively to show that the time dependent local ex- 
tinction (with respect to g) occurs whenever function g does not increase too fast, which 
is characterized by the integral condition. 

In the other direction of our proof, when g increases fast enough we first choose 



a sequence of times (t n ) strictly increasing to oo and the associated disjoint intervals 
[l n , r n ], n — 1, 2, . . . in 1R + . We then consider an SCBM X starting from Lebesgue measure 
restricted to the region (U^ 1 [— r,j, —k]) U (U^-JZj, r 3 -]). We are able to choose the spacings 
between intervals properly to satisfy the following constrains. On one hand, the spacing is 
not too small so that for each n, up to time t n the mass started from interval [— r n , —l n ] U 
[l n , r n ] at time is very unlikely to interact with masses initiated from other intervals. On 
the other hand, the spacing is also not too large so that the process X still has enough 
initial mass to start with and by time t n the probability F{X tn ([—g(t n ), g(t n )}) > 0} is 
not too small. Then the proof can be carried out by coupling arguments together with 
several Borel-Cantelli arguments. 

The approaches developed in this paper can be modified to study the almost sure time 
dependent local extinction for SCBM with Levy branching mechanism other than stable 
branching. But we do not expect the result to be as clean. 

The rest of the paper is arranged as follows. In Section 2 we present the construction 
of SCBM using Arratia's flow and the branching excursion law. In Section 3 we find a 
duality between coalescing Brownian motions with either absorbing or reflecting bound- 
ary conditions, which then leads to a dual relationship between SCBM with absorbing 
barriers and reflecting Brownian motions in Section 4. Our main results, Theorem 14.41 
and Theorem 14.51 and their proofs are presented in Section 4. 

2 A construction of SCBM with excursions and Ar- 
ratia's flow 

Let 7 > and < (3 < 1 be fixed constants. A continuous state critical branching process 
(CSBP) with (1 + /5)-stable branching is a right continuous Markov process taking values 
in [0, oo) whose transition semigroup (Qt)t>o is determined by 

e- zy Q t (x,dy) = exp{-xip t (z)}, t,x,z>0, (2.1) 



o 



where if}t(z) is the unique solution of 



ipt{z) = z 



It is easy to find that 

ill . ( y I = y I 

1 + /3 + 7/%z^ 

In the sequel of the paper, we shall always assume 7 > unless otherwise specified. Then 
for any t > we have 

A + /A 17/3 

lim i> t (z) = — f =: ^t(oo) < 00. (2.2) 



Letting z — > 00 in (12. ip yields 



Qt(x, {0}) = exp{-x^t(oo)}, t > 0, x > 0. 
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From flZU ^ follows that 

Qt{xi + x 2 , •) = Q t (x u •) * Q t (x 2 , •), t, x x ,x 2 > 0. 
In view of this infinite divisibility and (12.21) . we have 



1 - e-*»)Kt{dy), t>0, z>0, 



(2.3) 



for a family of finite diffuse measures (K t )t>o on (0, oo); see, e.g., Bertoin and Le Gall [2]. 

A coalescing Brownian flow {<p(a, t) : a G R, t > 0} is by definition an R-valued two- 
parameter process such that for every a G R, t \— > 0(a, t) is continuous; for every t > 0, 
a i — > 0(a, t) is nondecreasing and right continuous; and for any n > 1 and ( 
R" the probability law of (4>(ai,t), . . . ,4>(a n ,t)) follows that of the coalescing Brownian 
motion starting at {a\, . . . , a n ); see Arratia [T] for more details. 

Let M. be the space of Radon measures on R endowed with the topology of vague 
convergence. Let A4 a be the subset of Ai consisting of purely atomic Radon measures. 
Let Bo be the space of bounded Borel functions on R with bounded supports. Suppose 
that {(0i(t), 02 (^), • • •) : t > 0} is a countable system of coalescing Brownian motions and 
{(£1(^)5 £2(^)5 • • •) : t > 0} is a countable system of independent CSBP's with (l + /3)-stable 
branching law. We assume the two systems are defined on a complete probability space 
and are independent of each other. In addition, we assume {0i(O), 2 (O), . . .} H [—1, 1] is a 
finite set for every finite I > 1. Then we define the Ai a - valued process 



Xt = J2Zi{t)6 Mt ), t>0. 



(2.4) 
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For any t > let Q t — o[Tf U J-|), where 



^:=<7({&(s):0<s<*;i = l,2,...}) 



and 



o-({^i(a):0<a<t;i = l,2,...}). 



Theorem 2.1 T/ie process {X t : t > 0} defined by \2.J$ is a right continuous {Q t )-Markov 
process with transition semigroup {Pt)t>o given by 



(2.5) 



I e - {vJ) P t {yL,dv) = E exp ( - f 



exp< - / i[> t (f((l>(a,t)))ti(da) 



for fi G Ai a and f G £>o, where <f)(a,t) is a coalescing Brownian flow. 

Proof. By the additivity of the CSBP's it is easy to see {X t : t > 0} a right continu- 
ous (^)-Markov process. By the independence of the two systems (</>i(t), (j>2(t), . . .) and 

(6(*)>6(*)> • • •) we have 



E[exp{-<X t ,/)}]=E 



E 



expi - J] ^(0/(^(0) 



i=l 



=E 



exp -^6(0)^(/(^(t))) 
^ i=i 

s OO 

expi - J2Uo)Mf(<PM)) 



i=l 



cxp 



X (da)Mf(<l>(a,t))) 



where 4>(a,t) is a coalescing Brownian flow independent of (£i(i), £2(^)5 • • •)• A similar 
calculation shows that {X t : t > 0} has transition semigroup (-Pt)t>o given by (12.51) . □ 

By a super- coalescing Brownian motion (SCBM) we mean a Markov process with state 
space M. a and transition semigroup (Pt)t>o given by (12.51) . Then the process constructed 
by (12.41) is a special case. We can also give a formulation of the SCBM with an arbitrary 
initial state fi G Ai. To this end, let us review some basic facts on CSBP's. Let Q^(x, •) 
denote the restriction of the measure Qt{x, •) to (0, 00). Since the origin is a trap for 
the CSBP, the family of kernels (Qt)t>o also constitutes a semigroup. Based on (12. ip and 
(12. 3p one can check that 



;i - e-**)« s+t 



(dy) 



OO POO 

K s (dx) / (1 
Jo 



e- zy )Q° t (x,dy), s,t > 0, z > 0. 



Then k s Q^ = n s+t . Therefore, (nt)t>o is an entrance law for (Qt)t>o- 
Let 

W := {w : w is a right continuous positive function on [0, 00)} 

and let 

Tq(w) := inf{s > : w(s) = 0} for w G W. 

Let W be the set of paths w G W such that w(0) = w(t) = for t > t (w). Let *B(W ) 
and Q3 t = *B t (W ) denote the natural cx-algebra on W generated by {w(s) : s > 0} and 
{w(s) : < s < t}, respectively. Then there exits a unique cr-fmite measure Q K on 
(W , 05 (W )) such that 



Q K (w(tx) G dy u . . . , w(t n ) g dy n ) 
= «ii(^i)<5te- tl (2/i, djte) • • • Qj,-t n _ 1 (2/n-i, dy n ) 



(2.6) 



for < t\ < ti < . . . < t n and y\, y2, • ■ ■ ,y n G (0, 00). The existence of the measure 
Q K follows from the general theory of Markov processes; see, e.g., Getoor and Glover [7j. 
This measure is known as the excursion law of the CSBP. For r > 0, let Q K>r denote the 
restriction of Q K to W r := {w G W : t q (w) > r}. Note that 



Q K (W r ) = Q K , r (W r ) = K r (0, OO) = ^ r (oo) < OO. 



Lemma 2.2 The coordinate process {w(t + r) : t > 0} under Q K , r {-|03 r } zs a CSBP with 
transition semigroup (Qt)t>o- 
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Proof. This follows from (12.61) by standard arguments. I here give a detailed proof for the 
convenience of the reader. For any A G 23((0, oo)) we can use (I2.6P to see 

Q K>r {w r e A, w r+t = 0)=Q Kir (w r e A) - Q K>r (w r g A, w r+t > 0) 

=K r (A) — / K r (dx)Qt(x, (0, oo)) 

J A 



K r (A) - / Kr(dx)(l-Q t (x,{0})) 
J A 

K r (dx)Q t (x, {0}) 



A 



for t > 0. Since is a trap, we have 



Q K ,r( w r € dy, w{ti) e dyx, w(t n ) G dy n ) 
= K r (dy)Q tl -r{y,dy l ) . . .Qtn-tn-iiVvr-udyn), 

for < r < ti < t 2 < . . . < t n and y > 0, j/i, y 2 , ■ ■ ■ ,y n & [0, oo). Thus for A G 5S((0, oo)) 
and G »([0,oo)), 

/ Q/vMti) e Ai, . . . , w(t n ) e A n |«8 r }Q« )r (dw) 
= / e A x . . . w{t n ) e A n }Q K>r (dw) 

J {w r &A} 

K r (dy)Q tl _ r (y,dyi) . . . Q^-^iVn-i, dy n ) 




A J A-, 



= / ... / Qt 1 ^(w r ,dy 1 )...Qt n -t n - 1 {y n -i,dy n )Q K , r (dw). 

J {Wr&A} J A\ J A n 

Then an application of monotone class theorem yields the desired result. □ 

We now consider an arbitrary initial measure /x G M.. Suppose we have on some 
complete probability space (Q, J 7 , P) we have a coalescing Brownian flow {4>(a, t) : a G 
R, t > 0} and a Poisson random measure N(da, dw) on R x Wo with intensity measure 
/i(da)Q K (dw) . We assume that {0(a, t)} and {N(da, dw)} are independent of each other. 
Denote the support of N by supp(iV) = {(a,j, u^) : z > 1}. For t > let Q t — ^{J 7 ^ Upf), 
where 

■= a({wi(s) : < s < t; i > 1}) 

and 

J=f ■= a({0(a, s):0<s<i;a£ R}). 
Then we define the .M a -valued process 




X t = w{t)5^ t) N{da,dw), t>0. (2.7) 



Wn 



Theorem 2.3 The process {X t : t > 0} defined by {2. 7| ) a n'^/it continuous (Q t )-Markov 
process with transition semigroup (Pt)t>o an d 



E[exp{-(X t J)}] = E 
fort>0 and f G B . 



exp< - / i/j t (f(<j)(a,t)))fi(da) 



(2- 
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Proof. Note that for any / > 1 and r > we have a.s. m(l,r) 
In fact, we have 



N([-l,l] x W r ) < oo. 



E[m(l, r)] = Z])Q«(W r ) = fi([-l, l])K r {0, oo) < oo. 

Then, since K r (dx) is a diffuse measure, given Q r we can re-enumerate the set supp(iV) 
into {(a ki ,w ki ) : i > 1} so that: (i) \a kl \ < \a k2 \ < . . .; and (ii) \a ki \ = \a ki+1 \ implies 
w fc;( r ) < w k i+1 {r). Note that this enumeration only uses information from Q r . As in the 
proof of Lemma 3.4 of Dawson and Li [3] one can see that {w ki (r + t) : t > 0; i > 1} under 
P{-|£? r } are independent CSBP's which are independent of {<j)(a,r + t) : t > 0; a G E}. 
Observe that 



t > 0. 



1=1 



Then Theorem 12.11 implies that {X r+i : t > 0} under P{-|^ r } is a right continuous 
({?r+t)-Markov process with transition semigroup (Pt)t>o- Thus {X t : t > 0} under the 
non-conditioned probability P is a right continuous (C7 t )-Markov process with transition 
semigroup (Pt)t>o- On the other hand, we have 



E[exp{-<X t , /)}]=! 



exp 
exp 
exp 




w(t)f((p(a,t))N(da,dw) 



W 

fi(da) 



1-e 



-u/(</»(a,t)) 



Kt(du) 



i/j t (f((f)(a,t)))fi(da) 



That proves CT) . 



□ 



Remark 2.4 Based on A2. 8\) one can show X t —> fi in probability (in fact almost surely 
with a little more work) as t — > 0. T/ien we may £/im& i/ie process as an SCBM starting 
from fj, G M. From the above construction we see that starting from an arbitrary initial 
state in Ai, the SCBM collapses immediately into a purely atomic random measure with 
a countable support. Then the masses located at different points evolve according to in- 
dependent CSBP's with the supporting points evolving according to coalescing Brownian 
motions. The construction (2/1) of the SCBM generalizes the that of Dawson et al. %4jj. 

We can also give a useful alternate characterization of the SCBM following Zhou |lUj . 
For yi < . . . < y 2n G M 2n , we write (Y~i(t), . . . , Y 2n {t)) for a system of coalescing Brownian 
motion starting at (yi, . . . , y 2 n)- Given {a±, . . . ,a n } C M n , throughout this paper we 
always put 



x 



^ a i 1 ]^-i(t),^(t)]( s )> t > 0,x G 



(2.9) 



3=1 



By applying Theorem 12.11 to / = h we obtain 

Theorem 2.5 Let {X t : t > 0} be the SCBM defined by (ff 
have 



Then for any t > we 



E[exp{-(X t ,h )}} =E 



exp 



il> t (h t (a))fi(da) 



(2.10) 
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The above theorem shows that, the SCBM constructed in Zhou [10] using approxima- 
tion is actually the special case with — 1 of the SCBM defined by (12. 7p . 

3 A duality on coalescing Brownian motions with ei- 
ther absorbing or reflecting boundary conditions 

To obtain a useful estimate on occupation time for SCBM we proceed to recover a duality 
between coalescing Brownian motions with absorbing barriers and coalescing Brownian 
motions with reflecting barriers. A similar duality between coalescing Brownian motions 
with no boundary conditions had been found in Zhou [TO] . In this section we want to 
derive the desired duality by modifying the previous arguments in Zhou [TO] . 

Put Z := {.. . ,-1,0,1,. . .} and II : = Z + 1/2 = {i + 1/2 : i £ Z}. An m-dimensional 
(symmetric) simple coalescing random walk on Z (respectively, Z') describes the evolution 
of a collection of coalescing particles, in which each particle follows a continuous time, Z 
(respectively, Z')-valued, symmetric simple random walk jumping at rate one. Throughout 
this paper we always index the m "particles" in such a coalescing random walk from 1 to 
m according to the order of their initial values from the smallest to the largest. We can 
assume that after each coalescence with two particles involved the particle with higher 
index follows the movement of the one with lower index. To keep track of those indices 
involving in coalescence we introduce the following notion on the set of indices. 

Let V m denote the set of interval partitions of the totality of indices [m] := {1, . . . , m}. 
That is, an element ir of V m is a collection n = {Ai(tt), . . . ,Ah(7r)} of disjoint subsets 
of [m] such that Uj^4j(vr) = [m] and a < b for all a £ Ai and b £ Aj, i < j. The sets 
Ai(tt), . . . Ah(ir) consisting of consecutive indices are the intervals of the partition n. The 
integer h is the length of ir and is denoted by 1(tt). We write % ~ n j if and only if i and j 
belong to the same interval of it £ V m . Given 7r £ V m , define 

Z™ := {(xi, . . . , x m ) £ Z m '■ X\< . . .<x m and = Xj for i ^ j}. 

Write X = (Xi, . . . ,X m ) for a Z m -valued simple coalescing random walk. If X(£) £ 
Z"\ then at time t those particles with indices 0:1(71") := min Ai(ir), . . . , cxi^^tz) : = 
min Ai^){n) are still "free" and for i £" {oti(7r), . . . , au^Tr)} the z th particle at time t 
is "attached" to the free particle with index 

min{j : 1 < j < m, j ~tt i} = max{afc(7r) : 0^(71-) < i}. 

For 71 £ V m , define a map K v : 1% -> Z 1 ^ by 



K n (x) = K n (xi, 




Notice that K w is a bijection between Z™ and the subspace {x £ Z'^ : x\ < X2 < . . . < 
xi(tt)}- We write K~ l for the inverse of K n . For brevity we also write x„- for ^(x). 

Write B(7j m ) for the collection of all bounded functions on Z m . The infinitesimal 
generator G for simple coalescing random walk on Z is the operator G : -B(Z m ) — > £?(Z m ) 
defined as follows. For any / £ B(Z m ),7r £ V m and x £ Z^ 1 , let {e { : 1 < t < /(vr)} be 
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the collection of coordinate vectors in Z'W; that is, ej is the vector whose i th coordinate 
is 1 and all the other coordinates are 0. Then 

G/(x) := 2 E ^ ° + e + 2 E ^ ° ^C** " e <) f3 n 

i=l i=l K • ) 

We can define the generator for simple coalescing random walk on Z' in the obvious 
way. 

Intuitively, for a G Z a simple coalescing random walk absorbed at a evolves just like 
a simple coalescing random walk except that any particle in the coalescing random walk 
stays at a after it first hits a. The generator G a for simple coalescing random walk 
absorbed at a is defined in the same way as (13. ip for x G Z™ with {x±, . . . , x m } fl {a} = 0. 
For x G Z™ with i a ( f ) = a for some 1 < j < Z(7r), we define 



G./(x) := i £ / o JC^x. + e t ) + \ f o JC^x. - e, 
-{l(*)-l)foK?fa). 



A simple coalescing random walk absorbed at more than one points can be defined 
similarly. 

Intuitively, for a G Z an m-dimensional simple coalescing random walk on Z' reflected 
at a evolves like a simple coalescing random walk with each particle always staying on 
the same side of a; whenever a particle reaches a — 1/2 (respectively, a + 1/2) it stays at 
a — 1/2 (respectively, a + 1/2) with rate 1/2 and gets reflected to a — 1/2 — 1 (respectively, 
a + 1/2 + 1) with rate 1/2. 

Write G r for the generator of the above simple coalescing random walk with reflection. 
Then for / G -B(Z /m ), G r /(x) is defined in the same way as (13. ip for x G 1' w with 
{x\, . . . ,x m } fl {a — 1/2, a + 1/2} = 0. For any x G Z'^ such that x a .^ = a — 1/2 and 
either x aj+1 ( T ) > a + 1/2 or oij{ix) = I (it), we define 

1 ' W 1 
G r /(x) :=-]T/° ^(** " + - E / ° ^(x. + e t ) 



2 . 



- (/(vO-^j/oiC 1 ^); 



for any x G Z'^ such that x aj {n) = a + 1/2 and either x Q , 3 _ 1 ( 7r ) < a — 1/2 or Oj(7r) = 1, we 
define 

Z(tt) 

2 E" 



G r /(x) :=^/° ^ _1 ( X - + e <) + 5 E / ° K ?(*« ~ e » 

i 



10 

for any x G Z'^ with x aj ^ = a — 1/2 and 2; a . +1 (^) = a + 1/2, 

G r /(x) := \ f ° + e,) + 1 J] / o K~\^ - et) 

The previous definitions can generalized to a simple coalescing random walk reflected 
at two different points a, b G Z in the obvious way. 

Fix x G Z m with sci < . . . < x m and y G Z /n with yi < ■ ■ ■ < y n - Let a, 6 G Z with 
a < b. Let X be an m-dimensional simple coalescing random walk on Z absorbed at either 
a or b, and let Y be an n-dimensional simple coalescing random walk on Z' reflected at a 
and b. Put 

J^fty) := l] Wj , w+1 ](Xi(t)) 

and 

^T(*> x ) := l]Yj(t),y i+ i(t)]0&<) 
for 1 < i < m and 1 < j ' < n — 1. 

Proposition 3.1 For eac/i £ > the joint distribution of the m x (n — 1)- dimensional 
random array (l7f(t, Y(0))) coincides with that of the m x (n — 1)- dimensional random 
array (I£(t, X(0))). 

Proof. In this proof we adopt a standard martingale duality argument for which we refer 
to Section 4.4 of Ethier and Kurtz [5]. 

Write G a and G r for the generators for X and Y, respectively. Given a function 
g : {0, l} m ( ri ~ 1 ) — > R, for any vector x G Z m with X\ < . . . < x m , and any vector y G Z' n 
with yi< ...<y„, set 

^( x ; y) : = 9 (ih/i.yalO^l)) • • • > ^n-i^nl^l)' • • • > ^Jft.Jtel^m), • • • , l]yn-i,J/n] ( X rn)) • 

We further put g x (-) := <?(x; •) and g y (-) := #(•; y). Then in order to show that 

P^(X(t);Y(0))] = P[^(X(0);Y(t))], 

we only have to show that 

G a(<?y)(x) = GV(<?x)(y) 

by considering all the possible values of x and y in relation to a and b and those plain 
facts such as for Xi E]yj, yj+x], x% + 1 $yj,yj+i] if and only if Xi $]yj, yj+i — 1]; see similar 
arguments in Zhou [10] for duality on coalescing simple random walk. □ 

Taking a time-space scaling, the duality in Proposition 13.11 also holds for coalescing 
Brownian motions with absorbing or reflecting barriers. 

Proposition 3.2 Given a, b G R with a < b, let X be an m-dimensional coalescing Brow- 
nian motion absorbing at either a or b; let Y be an n-dimensional coalescing Brownian 
motion starting at Y(0) := (yi, . . . , y n ) such that {yi, . . . , y n } R {a, b} = and Y is 
reflected at both a and b. Then for each t > the joint distribution of the m x {n — 1)- 
dimensional random array {l7*(t, Y(0))) coincides with that of the mx (n— 1)- dimensional 
random array (1^7 (t, X(0))). 
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4 An integral text on almost sure local extinction for 
SCBM 

We begin with a dual relationship between the SCBM with absorbing barriers and the 
coalescing Brownian motion with reflecting barriers. Intuitively, given a finite subset A 
of R the SCBM with branching rate 7 > and absorbtion barriers at A evolve just like 
a SCBM except that each particle involved is stopped as soon as it hits one of the points 
in A. But the branchings of those stopped particles are not affected. The SCBM with 
absorbtion at A can be defined using integral representation (12.71) where we impose the 
absorbing condition at A to the underlying Arratia flow <fi. Then the following duality 
follows from Proposition [3T2] and arguments similar to Theorem 12.31 Note that the random 
function h t is defined in (12. 9p . 

Theorem 4.1 Let Z be an SCBM with absorbtion at a and b with a < b. For any 
(di) G M. n and for any y± < . . . < y2 n with {yi, . . . , y2 n } H {a, b} = 0, we have 

P [exp {-(Z t , h )}} = P [exp {- (Z , ^ t {h t ))}} , (4.1) 

where 7 > is the branching rate for Z and (Yi, . . . , Y 2n ) is a coalescing Brownian motion 
starting at (yi, . . . , y2 n ) o,nd reflected at both a and b. 

Remark 4.1 For 7 = 0, we put ho := Al] a „ ej b +e ] in Theorem \4-l\ By first letting A — > 00 
and then letting e — > 0+ in fl^. 1\ ) we can express the extinction probability of Z at time t 
in terms of reflecting Brownian motions and obtain 

F{Z t ([a, b]) = 0} = P{Z ([Y 1 (t), Y 2 (t)}) = 0}, (4.2) 

where Y\ is a Brownian motion starting and reflected at a such that Yi(i) < a for all 
t > ; and Y 2 is another independent Brownian motion starting and reflected at b such 
that Y 2 (t) >bforallt>0. 

The duality in Theorem 14.11 leads immediately to the following estimate on the occu- 
pation time for SCBM. 

Proposition 4.2 Let Z be an SCBM with o-finite initial measure and branching rate 7. 
Then for yi < y 2 we have 

P<{^ Z s (iy l ,y 2 ])ds = 0^>F{Z (iY l (t),Y 2 (t)]) = 0}, (4.3) 

where Y x and Y 2 are independent Brownian motions such that (Y^O), Y 2 (0)) = (yi,y 2 ), 
and Y\ and Y 2 are reflected at y\ and y 2 , respectively so that Y x (t) < yi and Y 2 (t) > y 2 
for all t > 0. 

The equality in fl^.jj ) holds 2/7 = 0. 
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Proof. Notice that Z t is a discrete set for all t > 0. By Markov property we have 

pjjT Z a ([ yi ,y 2 ])ds = o} = hm p|jT Z a ([ 3 / lj y 2 ])d S = 

= lim P{£,([j/i,jfc]) = 0,Ve<s<t} 

= P{^([j/l,J/2]) = 0,VO<5<0 

Write Z 7 for the SCBM with branching rate 7 > 0. Let Z* be an SCBM with branching 
rate 7 = and with absorbing barriers at y\ and y 2 such that Zq = Zq. A key observation 
is that without branching 

F{Z° s ([ yi ,y 2 }) = 0,V0 < s < t} = F{Z* s ([ yi ,y 2 }) = 0,V0 < s < t} 

= F{Z;([y h y 2 }) = 0}. 

Then by g2J 

F{z° s {[ yi ,y 2 }) = o,vo < s < t} = p{2S([yi(t),y 2 (t)]) = o}. 

For 7 > 0, using the construction of SCBM in Section 2 we can construct Z 1 and Z° 
on the same probability space by letting 

Z°:= L({a:4>(a,t)=x})5 x , 

x£{4>(a,t):a£R} 

where L denotes the Lebesgue measure on M. Then P a.s. the support of Z~l is smaller 
or equal to the support of Z t ° for any t > 0. Therefore, inequality (14.31) follows readily. □ 

Corollary 4.3 Given an SCBM Z with branching rate 7 > 0, for any a > and < 

si < s 2; we /iai>e 

P{Z f ([-a,a])=0,V Sl <t<s 2 } 

2 f°° f°° ( x 2 + y 2 } (4.4) 

> — -/ dx / duexp^- — r - V Sl (oo)Z ([yi(si),y 2 (si)]) ^ , 

tt(s 2 - si) Jo Jo I 2 ( s 2 - si) J 

where (Y±, Y 2 ) is a coalescing Brownian motion starting at (— x — a, a + y). 



Proof. By Proposition 14. 2\ Markov property at time si and Theorem 12. 3[ we have 

F{Z t ([-a,a]) = 0,V 8l <t<s 2 } 

> F{Z sl ([Y*(s 2 - Sl ),Y*(s 2 - Sl )]) = 0} (4.5) 
= P [exp {-^([Y^O, F 2 (s 1 )])^ Sl (oo)}] , 

where Y* with Y]*(£) < —a for all t and Y 2 * with F 2 *(t) > a for all t are independent 
Brownian motions starting at —a and a, and reflected at —a and a, respectively; (Yi,Y 2 ) 
is a coalescing Brownian motion starting at (Y^(s 2 — Si), Y" 2 *(s 2 — si)). Since for y > 0, 
by reflection principle 

P{y 2 (0) -aedy} = F{Y*(s 2 - Sl ) - a e dy} 

y2 

= a/ 2/7r(s 2 — si)e 2( - s 2-n)dy, 
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estimate (14.41) then follows. 



□ 



Throughout this paper let g(t),t > 0, be any nonnegative, nondecreasing and right 
continuous function on [0, oo). For such a function g we define the extinction time as 



with the convention sup = 0. 

Theorem 4.4 Let Z be an SCBM such that Z (dx) = alx and 7 > 0. If 



Proof. We first want to show that (14.71) holds given g (t) > t s for some constant 1/2 < 
5 < 1 and for t large enough. Put t n := e n . For m large enough and n > m, by (I4.5p we 
have 



P{Z t ([-<7(* re+1 ),<?(* n+1 )]) = 0,Vt n < t < t n+1 } 

> P[exp{-Z ([yi(t n ),y 2 (t n )])^ B (cx))};-2p(t n+1 ) < y(t ra ) < y 2 (t n ) < 2#(t n+1 )] 

> exp{-4^(t n+1 )^(oo)} - P{{y(t n ) < -20(*n+i)} U {y 2 (t n ) > 2g(t n+1 )}} 

> exp {-4^(t n+1 )Vt„(co)} - P{y(t n ) < -2^(t re+1 )} - P{y 2 (t n ) > 2g(t n+1 )} 
= exp{-Ag(t n+1 )^ tn (oo)} - 2P{y(t n+1 ) > g(t n+1 )} 

> exp {-4^(^+0^(00)} - 2P{y(t„ +1 ) > t s n+1 }, 



where (y,y 2 ) is defined as in (14. 5 p with a = g(t n+ i) and the process Y is defined such 
that between times and t n+1 — t n , Y taking non-negative values is a Brownian motion 
starting at and reflected at 0, and after time t n+ i — t n , Y evolves according to a Brownian 
motion with initial value Y(t n+ i —t n ). 



T:=sup{t>0:X t ([-g(t),g(t)})^0} 




(4.6) 



then 



P{r < 00} = 1. 



(4.7) 



Then 



F{3t n < t < t n+1 ,Z t ([-g{t n+1 ),g(t n+1 )}) + 0} 

< 1 - exp {-4(/(t B+1 )^(oo)} + 2P{y(t„ +1 ) > t s n+1 } 

< 4g(t n+1 )^ tn (oo) + 2P{y(t n+1 ) > 



Clearly, there exists a constant c > such that for any large t 



¥{Y(t) > t s } < ce 



t 2S - 1 /2 



and then 



00 

j2nY(tn)>t s n }< 00. 

n=l 
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Moreover, 



oo oo * 



1+P 



VP 



-^Lid^m** (4.8) 



<e 2 ^c(7,/5) 
< 00, 



r a(y) , 



where 0(7, (3) — jjj {~^\ ' Therefore, the desired result follows from Borel-Cantelli 
lemma. 

To show the desired result for any g satisfying (14.61) . we can consider function g(t) + t s 
instead. It follows from the previous result that (14.71) holds for function g(t) + t 5 . Then 
plainly, it also holds for g(t). □ 

Theorem 4.5 Let Z be an SCBM such that Z (dx) = dx and 7 > 0. If 

g(y)y~ 1 ~ 1/l3 dy = oo, 



then 

P{ r = 00} = 1. 

Proof. Delayed. 



Before proceeding with the proof for Theorem 14.51 we first define the positive and 
strictly increasing sequences (t n ), (l n ) and (r n ) as follows. Set to — 1 and 



t n+1 := inf{t > t n : g(t) > 3g(t n )}, n>l. 



g(t n ) < g{t n+ i-) < 3g(t n ) < <?(W0- (4.9) 



9 31 
r n ■= Y^g(tn) and l n := —g{t n - X ) 



r n -ln>^ (s(W-) - g(tn~)) ■ (4.10) 

Let I n := [— r n , — l n ] U [/„,r n ] and I := U^ =Q I n . We need two coalescing Brownian 
systems: 

C n = {C n {x,t);xe I n ,t > 0} 



Then 



Define 



By fl49 
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and 

C = {C(x,t);xE l,t>0} 

such that, for any finite set AcK, both {C n (x, -);x G A fl I n } and {C(x, •); x G A n /} 
are coalescing Brownian motions starting from A fl I n and An/, respectively. 
Define 

r(x,y) := inf{t > : C(x,t) = C(y,t)}. 

According to the construction of coalescing Brownian motions on 1 in [I], we may con- 
struct {C n ;n > 1} and C from a countable family of independent Brownian motions 
starting from Q := {i/2 n ; i,n G Z} such that C n and C m are independent for n ^ m and 

C n (x, t) = C(x,t) for x G /„ and t < r n , 

where r n := r(-r re , -/ n +i) A r(-l n , -r re _i) A r(r n _i, /„) A r(r„, Z re+1 ). 

In the following of this paper, for N(da, dw) we always mean a Poisson random measure 
on R x W with intensity measure daQ K (dw). For Lebesgue measure L let {X™ : i > 0} 
and {X t : t > 0} be defined by Xg = L\ In , X = L\j and for t > 0, 



= / / w(t)5 Cn{x ,t)N(da,dw), X t = w(t)5 C ( Xl t)N(da,dw). 

J I n J W J I J W 

Then by Theorem {X? : t > 0} and {X t : t > 0} are SCBM's starting from L\ In and 
L\i, respectively. We first prove the following lemma of key estimates. Theorem 14.51 will 
be easily deduced from the lemma. 

Lemma 4.6 Set B n := [-g(t n ), g(t n )]. Assume that t 1/2+€ < g(t) < 3* for t > 1 and 
some < e < \. Then we have 

oo 

£P{*£(5S)>0}<oo; (4.11) 

n=0 

OO 

£p{X£(l)>0} = oo; (4.12) 

n=0 
oo 

J2^{K( B n) > X tn {B n )} < oo. (4.13) 

n=0 

Proof. Proof for ^.11 ). Set 

) L0<s<i„ 



r„. := <! inf C n (-r n ,s) > 

0<s<t n 



Then 



¥{T c n } < P <^ inf C n (-r n , s) < -g(t n ) }+¥■> sup C n (r n , s) > g(t n ) 



< 2 exp < > < 2 exp 



100t n I ~ r 1 100 
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By (14.91) and the assumption that g(t) < 3* for t > 1, we have 

oo 

E p ( r «) <o °- 

11=1 



Then (14.1 ip follows from 

P {X£(B°) > 0} = P {Xl(B c n ) > 0; T n } + P {A£(J3°) > 0; T^} 

Proof for M-lOfy . Since X n (l) is a branching process starting from 2(r n — l n ), 
F{X£ (1) > 0} = 1 - exp {-2(r n - Z n )^„ (oo)} 



> min 
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(g(t n +i-) - g(t n -)) , l - e 1 



where the inequality is deduced from (I4.10p and the elementary inequality 1 — e x > x/3 
for < x < 1. Recall 0(7, /3) in gSJ. Then (j02l> follows from 

00 

-M°°)g{ti-) + ^^(t„+i-)(^ n (oo) - ^ tn+1 (oo)) 



n=l 



n=2 

00 1 . 



1 n=2 



d%j} t {oo) 



dt 



-alt 



1 

00. 



00 rt 



n=2 



Proof for gjm. Set 



Ti(x,t,y) := \ inf C(x,t)>y\ and r 2 (x, t, y) := < sup C(x,t) <y 
0<s<t lo<s<t 



Define 



^3 

n 4 



Then 



ri(-r n ,t n , -g(t n )) n r 2 (-/„,t„, -#(t n _i)); 

ri(-r n _i,t n , -g-(t n _x)) n r 2 (r n _i,t„,y(t n _ 1 )); 

ri(z„,t„,^(t n -i)) n r 2 (r„,t Tl ,gf(t n )); 
ri(z n +i) 9{tn)) n r 2 (— z n+ i, t n , —g(t n )). 



9 2 {t n . 



loot. 



P{U\ C } <4exp|-^^|+4exp 

^ exp {-l} +4exp {-i}' 
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where the last inequality follows from (I4.9|) . Now, we are ready to deduce (14.13p . Note 
that on Hf2j, 

C n (x,t) = C(x,t) for t < t n , x G /„. 

It follows that 

¥ {Xl(B n ) > X tn (B n )} 

< P {X£(B n ) > X tn (B n ); nfij + P{U^ C } 

^ 4exp {-il} +4exp {-i}- 

We thus obtain (14.13P by applying (14 .9p again and by the assumption that g(t) < 3* for 
t > 1. □ 

Proof for Theorem \4-5\ First, suppose that t 1//2+<E < g(t) < 3* for t > 1 and some 
< e < |. Define 

to := sup{t > : X t ([-g(t), g(t)]) > 0}. 

Note that {X n ;n = 1,2,...} are independent SCBM's. In addition, the sequence (t n ) 
defined in Lemma [4.61 satisfies t n — > oo since g is increasing and g(t) < e* for all t > 0. 
By Lemma 14.61 three applications of Borel-Cantelli lemma yield 

P{r = oo} = 1. 

Let X t be defined as (12.71) with X = L. Define {X t : t > 0} with X = L\j and 



X t := / w(t)5^ ai t)N(da,dw), t > 0. 
J i Jw 

Then X is an SCBM starting from L\j. Obviously, 

X t ([-g(t),g(t)}) > X t ([-g(t),g(t)}) . 
Then the fact that X has the same distribution with X yields 

p{ r = oo} = 1. 

For more general g satisfying g(y)y~ 1 ~ 1 ^ l3 dy = oo, we can consider function 

9o(y) :=(9(2/)A3 9 )Vi,^. 

First, one can check that 

/oo 
(g(y) A V^-Wdy = oo. 

So, 

sup{t > : X t ([-g (t),g (t)}) > 0} = oo, a.s. 



Meanwhile, according to Theorem 14.41 

sup{£ > : X t {[-t^ +t ,t^ +e ]) > 0} < oo a.s. 
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Then 

sup{t > : X t ([-g(t) A 3*, g(t) A 3*]) > 0} = oo a.s. 
Then the desired result follows from g(t) > g(t) A3*. We have thus finished the proof. □ 
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